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Abstract

In this study\ an iterative method is developed in order to analyze the plates on a two!parameter elastic
foundation\ based on the study by Vallabhan et al[ "0880#\ where the material properties of the soil are used
in order to compute the coe.cients of subgrade reactions\ for the layered soil medium[ In the analysis\ the
_nite element method is used\ both plate and surrounding soil area divided into _nite elements[ The plate
_nite element is considered by including the e}ects of subgrade reactions[ By means of the method suggested
herein\ it is possible to examine the interaction between the separate plates close to each other and to assume
the plate of arbitrary shape[ Þ 0888 Elsevier Science Ltd[ All rights reserved[
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0[ Introduction

It is known that the shear parameter e}ect is used in addition to the Winkler coe.cient for the
analysis of a one!dimensional beam and two!dimensional foundation plate on a two!parameter
elastic foundation[ Comparing the similar models "Filonenko!Borodich\ Pasternak#\ the model
developed by Vlasov and Leontev has the advantage of determining the soil parameters depending
on soil material properties and the thickness of the compressible layer[ Karamanlidis and Prakash
"0877# gave the sti}ness and the mass matrix for beams which have four degrees!of!freedom\ on a
two!parameter elastic foundation by using cubic Hermitian polynomials as trial functions in shape
function[ Razaqpur and Shah "0880# derived a new _nite element\ where the sti}ness matrix\ the
nodal load vector and the shape function of the element are derived by using the di}erential
equation of a beam on a two!parameter foundation[ Nogami and O|Neil "0874# suggested that the
vertical displacements can be expressed with a series of displacement shapes which are harmonically
varying in depth[ Nogami and Lam "0876# developed a two!parameter model for slabs on elastic
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foundations\ where the foundation layer is divided into a number of horizontal layers[ Here each
layer is idealized by a system of multiple one!dimensional vertical columns interconnected by shear
springs[ The elastic beddings and the shear parameter coe.cients are obtained by using elastic
constants and the depth of the foundation[

Vallabhan and Das "0877# developed an iterative procedure to obtain a mode shape parameter
by minimizing the total potential energy\ where the elastic constants of the beam and the mode of
loading are used as a function in addition to the thickness of the compressible layer and the elastic
constants of the foundation[ They also determined the elastic bedding and shear parameter
coe.cients[ Vallabhan and Das "0880# developed a new model\ where the elastic properties of the
layer vary linearly with depth[ Jones and Xenophontos "0866# expressed the elastic bedding and
shear parameter coe.cients depending on a mode shape parameter\ reciprocally a mode shape
parameter depending on the displacement shape of the top of the soil[ They used variational
principles and the mode shape parameter was obtained by experimental investigation instead of
an iterative procedure[

Vallabhan et al[ "0880# extended their model for the analysis of plates on an elastic foundation
as is summarized below[

1[ Governing equations and the expressions for plates on an elastic foundation

The lateral displacements in the soil can be assumed to be negligible compared to the dis!
placement in the vertical direction[ The displacement in the vertical direction was assumed to be

wz � w"x\ y#f"z# "0#

where w"x\ y# is the de~ection of the soil surface and f"z# is the mode shape function de_ning the
variation of the vertical displacement in the vertical direction\ having the boundary condition

f"z � 9# � 0\ f"z � H# � 9 "1#

where H is the thickness of the compressible layer supposed to be known[ By minimizing the total
potential energy function under the variation of w"x\ y#\ the following equation is obtained in the
domain of the plate

DDDw−1CTDw¦Cw � q "2#

and outside the domain of the plate

−1CTDw¦Cw � 9 "3#

where D is the ~exural rigidity of the plate ðD �"Ebh
2:01"0−n1##Ł\ q is the external load on the plate[

By minimizing the total potential energy function by f"z# in the domain of the soil "9 ³ z ³ H#\ the
function f"z# can be expressed as

f"z# �
sinh ðg"0−z:H#Ł

sinh g
"4#

where g denotes the mode shape parameter[ The elastic bedding coe.cient C and the shear
parameter coe.cient 1CT can be obtained as follows\ depending on the mode shape parameter g]
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C �
Es "0−ns#

"0¦ns#"0−1ns#
g

H
ðsinh 1g¦1gŁ

3 sinh1 g
"5#

1CT � Gs

H
g

ðsinh 1g−1gŁ

3 sinh1 g
"6#

where Es\ ns\ Gs are the elastic constants of the soil[ The mode shape parameter g yields as follows]

g1 � H1 "0−1ns#
1"0−ns#

g
�

−� g
�

−� 60
1w"x\ y#

1x 1
1

¦0
1w"x\ y#

1y 1
1

7 dx dy

g
�

−� g
�

−�

w1"x\ y# dx dy

"7#

As it can be seen in these expressions C and 1CT depend on the material properties\ the thickness
of the compressible layer of the soil and the coe.cient g[ On the other hand\ g depends on the
de~ection shape of the system\ subjected to the external loads[ It can be evaluated after determining
w"x\ y# which satis_es eqn "2# inside the domain of the plate and eqn "3# outside the domain of the
plate[ It is obvious\ that for computing the parameter g the iterative method has to be used in
which g is initially set\ for example equal to unity and it is also used in the computations of the
coe.cients of subgrade reaction C and 1CT[ Thus\ the deformed shape of the foundation can be
obtained[ Then\ g is calculated using eqn "7# and the procedure is repeated until the di}erence
between the two successive values of g will be less than a small prescribed value[ In this study it is
observed that the iteration process converges more rapidly for uniformly distributed load cases
"e[g[ 4Ð5 steps# compared to the concentrated load cases "e[g[ 09Ð01 steps#[

Vallabhan et al[ "0880# considered in a similar way to that of Vlasov and Leont|ev "0855#\ the
reactions of the foundation along the edge of the plate by using a simpli_ed assumption and by
de_ning equivalent springs along the boundary of the rectangular plate[ Vallabhan and Das "0880#
also extended their model for the analysis of axisymmetric circular tank foundations[ Vallabhan
and Dalog³lu "0886# employed the _nite element method\ instead of the _nite di}erence method[
Four!noded rectangular _nite elements with 01 degrees!of!freedom are developed to model the
slab and the soil along with four degrees!of!freedom elements for the beams that sti}en the slab[
The sti}ness coe.cients representing the e}ects of the in_nite soil continuum outside the domain
of the soil are determined in a similar way to that of Vallabhan et al[ "0880#[ When the plate does
not have a simple rectangular shape or when it has holes\ the soil reactions along the inside and
the concave edges have to be taken into account by di}erent equivalent spring formulations "Fig[
0#[

In this study\ the de~ections of the soil surface around the plate are considered as well as those
under the plate[ The de~ections of the surface around the plate are obtained by dividing this area
into soil _nite elements of two dimensions[ However\ as it is shown by the _rst author "Cž elik\
0885# for practical purposes\ it is quite enough to consider a limited soil region around the
periphery of the plate\ instead of the whole soil surface extending to in_nity[ It appears from the
evaluated examples that the extent of this region can be as the thickness of the compressible layer
H of the soil "Fig[ 1"b##[ Thus\ the vertical displacement at the edge of the soil surface can be
obtained up to the accuracy of 1Ð2) along the edge of the plate[ The interaction e}ects between
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Fig[ 0[ Plates on the foundation[

Fig[ 1[ "a# The plates\ "b# the surrounding soil[
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the separate plates close to each other can also be analyzed easily\ by using the considered _nite
element idealization[

2[ Plate _nite elements including the effects of a two!parameter soil

It is known that the distributed soil reaction\ which depends on the displacements of soil surface\
is expressed as

qz � Cw−1CT 0
11w

1x1
¦

11w

1y11 "8#

The shear forces along the boundaries depend on the vertical slope "1w:1n# and they are
proportional to the shear parameter as shown in Fig[ 2[

Fig[ 2[ Soil reactions[

Tn � −1CT 0
1w
1n1 "09#

As it is well!known\ in the _nite element method\ the displacement shape of an element can be
expressed depending on nodal freedom of the element as follows]

w"x\ y# � s
n

i�0

wi"x\ y#di "00#

and every equivalent nodal force of distributed loads can be calculated as the total work done by
the distributed loads with the corresponding unit displacement shape[ Each equivalent nodal force
of soil reactions can be expressed as]

Psi � −ÐÐqzwi dA¦FTnwi ds "01#
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Fig[ 3[ Soil reactions on a rectangular plate _nite element[

Thus\ substituting eqn "8# and eqn "09# into eqn "01# the equivalent nodal forces of soil reactions
for a rectangular plate element "Fig[ 3# are expressed as

Psi � −C g gwiw dA¦1CT g gwi 0
11w

1x1
¦

11w

1y11 dA

−1CT gwi 0
1w
1x1x�"a:1#

dy¦1CT gwi 0
1w
1x1x� −"a:1#

dy

−1CT gwi 0
1w
1y1y�"b:1#

dx¦1CT gwi 0
1w
1y1y� −"b:1#

dx "02#

Partial integration of the second term gives]

1CT g gwi

11w

1x1
dA � 1CT g 0wi

1w
1x1x�"a:1#

dx−1CT g 0wi

1w
1x1x� −"a:1#

dx−1CT g g
1wi

1x
1w
1x

dA

"03a#

1CT g gwi

11w

1y1
dA � 1CT g 0wi

1w
1y1y�"b:1#

dy−1CT g 0wi

1w
1y1y� −"b:1#

−1CT g g
1wi

1y
1w
1y

dA

"03b#

by rearranging "02#
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Psi � −C g gwiw dA−1CT g g 0
1wi

1x
1w
1x

¦
1wi

1y
1w
1y1 dA "04#

is obtained[
Although eqn "04# is obtained for a plate of rectangular shape\ it can be generalized for any

element shape by using Green|s theorem[ Substituting eqn "00# into eqn "04# and setting the terms
depending on soil reactions on the left side\ the equilibrium equation for any nodal freedom of a
plate element can be written as follows]

s
n

j�0

kijdj¦ s
n

j�0

Cijdj¦ s
n

j�0

CTijdj � Pi "05#

where

Cij � CÐÐwiwj dA "06#

CTij � 1CT g g 6
1wi

1x
1wj

1x
¦

1wi

1y
1wj

1y 7 dA "07#

and kij and Pi are the standard terms of a sti}ness matrix dealing with the ~exural rigidity of the
plate and the equivalent nodal force due to external loads\ respectively[

Equation "05# can be written for the whole freedom of the element in matrix form]

ðKŁ ðdŁ¦ðCŁ ðdŁ¦ðCTŁðdŁ � ðPŁ "08#

3[ The elastic bedding ðCŁ and shear parameter ðCTŁ matrices of rectangular plate elements

having 05 and 01 degrees!of!freedom

Using eqns "06# and "07#\ the term of subgrade reaction matrices ðCŁ and ðCTŁ of the soil have
been computed for Bogner et al[ "0855# " for 05 degrees!of!freedom# _nite element and Adini and
Clough "0850# " for 01 degrees!of!freedom# _nite element are given in Appendices 0 and 1[

4[ Finite element idealization of a surrounding soil area

As is seen in eqn "3#\ where no external loads are presented\ the behavior of a soil _nite element\
which will be used for the idealization of the surrounding soil area\ can be de_ned as a shear plate
element[ It has an elastic bedding coe.cient C and a shear rigidity Gh? � 1CT[ A linear variation
of the vertical displacement in both directions is assumed for the soil _nite element by using the
above analogy[ Thus\ the displacement shape of the soil _nite element can be de_ned as

w � Swidi � ðAdŁs ðdŁ "19#

where ðdŁ denotes the vertical nodal displacements of the soil _nite element and ðAdŁs is the shape
function of the shear plate element[ When the number of soil _nite elements increase in the soil
medium\ the excessive increasing of the nodal parameter can be prevented by choosing only vertical
displacement in the soil _nite element[ The di.culties that may arise from requiring the slope
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Fig[ 4[ Rectangular soil _nite element[

continuity condition on the edges where the plate _nite elements combine with the soil _nite
elements\ are prevented[ By using the same procedure adopted for plate elements\ the relation
between the nodal forces and the displacements of the soil element can be expressed as

ðCŁ ðdŁ¦ðCTŁðdŁ � ðPŁ "10#

where ðCŁ and ðCTŁ are the elastic bedding and shear e}ect matrices of the soil medium[ The terms
of these matrices can be computed by eqns "06# and "07#[

5[ Rectangular soil _nite element have four degrees!of!freedom

The considered rectangular soil _nite element is shown in Fig[ 4[ The deformed shape can be
de_ned as given in eqns "19# and "11# where ðAdŁs is obtained by multiplying the linear shape
function in both directions[

ðAdŁs � ðl1"x#l1"y# l0"x#l1"y# l0"y#l1"x# l0"x#l0"y#Ł "11#

The linear functions are given as]

l1"x# � "9[4−x:a# l0"x# �"9[4¦x:a#

l1"y# � "9[4−y:b# l0"y# �"9[4¦y:b# "12#

The terms of the elastic bedding and the shear parameter matrix\ which are obtained by using
eqns "06# and "07#\ are given in eqns "13# and "14#[
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l
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where a �"a:b#\ b �"b:a#[
By using the stressÐdisplacement relationship\ the shear forces within the soil element can be

obtained as follows]

$
Tx

Ty%� 1CT

K

H

H

H

H

k

1

1x

1

1y

L

G

G

H

H

l

ðAdŁs ðdŁ "15#

6[ Computation of the mode shape parameter "g#

During the iterative method explained above\ the new mode shape parameter g has to be obtained
by using eqn "7#\ after determining the deformed shape w"x\ y# of the system[ The integral terms
of eqn "7# can be evaluated for every plate and the soil _nite element separately[ They are extended
to the whole system by taking the summation of each element|s contribution[

The deformed shape and its partial derivatives with respect to variable x and y within an element
can be given as

w � s
n

i�0

widi "16#

1w
1x

¦
1w
1y

� s
n

i�0 0
1wi

1x
¦

1wi

1y 1 di "17#

where the nodal freedoms of the element are known[ Hence\ the integral terms of an element

g gw1 dA � g g 0s
n

i�0

widi1 0 s
n

j�0

wjdj1 dA � s
n

i�0

s
n

j�0 0g gwiwj dA1 didj "18#

gg $0
1w
1x1

1

¦0
1w
1y1

1

%dA�gg $0s
n

i�0

1wi

1x
di1 0s

n

j�0

1wj

1x
dj1¦0s

n

i�0

1wi

1y
di1 0s

n

j�0

1wj

1y
dj1%dA "29#

can be calculated using the ðCŁ and ðCTŁ matrices which are already found[
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g gw1 dA �
0
C

ðdŁT ðCŁ ðdŁ "20#

g g $0
1w
1x1

1

¦0
1w
1y1

1

% dA �
0

1Ct

ðdŁT ðCTŁðdŁ "21#

The e}ects of all the other elements can be summed up for the whole system\ as follows]

g
�

−� g
�

−�

w1 dx dy � s
el

0
C

ðdŁT ðCŁ ðdŁ "22#

g
�

−� g
�

−� $0
1w
1x1

1

¦0
1w
1y1

1

% dx dy � s
el

0
1CT

ðdŁT ðCTŁðdŁ "23#

As a result\ the mode shape parameter can be obtained by using the above relations without
requiring any additional algorithm[

7[ Numerical Example 0

In order to check the accuracy of this method^ a plate on a two!parameter foundation is
considered[ This plate problem was solved by Vallabhan et al[ "0880#\ for a uniformly distributed
"Fig[ 5"a## and a concentrated "Fig[ 5"b## load\ for various depths of soil stratum by using the
_nite di}erence method[ The same problem is analyzed by using the presented method and the
displacements\ soil coe.cients\ mode shape parameters and the bending moments are obtained
and presented in Tables 0 and 1[

The elastic constants of the soil] Es � 57\849 kN:m1\ ns � 9[14[
The elastic constants of the plate] Ep � 19\574\999 kN:m1\ np � 9[19[

The thickness of the plate is 9[0413 m\ the dimensions are "8[033×01[081 m#[

Fig[ 5[ "a# Uniformly distributed load\ "b# concentrated load[
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Table 0
The uniformly distributed load

H "m# Ref[ C "kN:m2# CT "kN:m# g v "cm# Mx "kN m:m#

2[937 V[S[D[ 16\195 02\341 9[4613 9[9761 9[9418
P[ study 16\081 02\302 9[4655 9[9742 9[9334

5[985 V[S[D[ 02\646 14\030 9[8186 9[0413 9[2002
P[ study 02\646 14\194 9[8083 9[0415 9[1779

8[033 V[S[D[ 8329 23\642 0[1533 9[0789 9[3113
P[ study 8266 24\182 0[1953 9[0782 9[3098

04[13 V[S[D[ 5255 36\255 0[8308 9[1969 9[3781
P[ study 4853 41\221 0[5082 9[1101 9[3560

Table 1
The concentrated load

H "m# Ref[ C "kN:m2# CT "kN:m# g v "cm# Mx "kN m:m#

2[937 V[S[D[ 20\509 8454 0[8907 9[9379 01[433
P[ study 20\787 8345 0[8367 9[9707 04[936

5[985 V[S[D[ 12\807 00\848 2[3626 9[9864 01[433
P[ study 13\145 00\687 2[4138 9[9734 03[452

8[033 V[S[D[ 12\265 01\082 4[0558 9[9864 01[433
P[ study 12\626 01\906 4[1323 9[9735 03[409

04[13 V[S[D[ 12\249 01\194 7[5968 9[9864 01[433
P[ study 12\609 01\929 7[6258 9[9735 03[409

The _nite element idealization presented in Fig[ 6 is used[ Due to the symmetry of the problem\
only a quarter of the whole system domain is considered[ The full compatible 05 degrees!of!
freedom elements are used for the idealization of the plate[ Thus\ with 31 nodal points each having
four nodal degrees!of!freedom and 103 nodal points have one nodal degree!of!freedom\ the total
number of unknowns considered in the computations are 271[

From the comparisons of Table 0 and 1 one may observe that the results are in agreement with
each other[ The relative errors on g are 9[904 at the third step\ less than 9[990 at the fourth step
for a uniformly distributed load and 9[906 at the sixth step\ less than 9[990 at the ninth step for a
concentrated load\ when the thickness of a compressible layer is 04[13 m[ The iteration process on
g converges more rapidly when H decreases\ or the bending sti}ness of the plate increases[

8[ Numerical Example 1

The foundation plate\ under a vertical column load\ shown in Fig[ 7"a#\ is analyzed for di}erent
values of plate thickness and compressible layer thickness of the soil[ The e}ects of the above
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Fig[ 6[ Finite element idealization[

variables on the mode shape parameter and the soil coe.cients are evaluated[ The variation of
moments at the cross!section are obtained depending on the de~ection shape of the plate[ The soil
_nite elements are used in addition to the 05 degrees!of!freedom plate _nite element\ which includes
shear deformations "Cž elik\ 0885#[ The width of the soil region is assumed to be greater than the
thickness of the compressible layer of the soil[ The plate and the soil _nite element meshes are
shown in Fig[ 7"b#\ where the symmetry condition of the problem is considered[

The elastic constant of the foundation plate] Ep � 1[096 kN:m1\ np � 9[05[
The elastic constant of the soil] Es � 79\999 kN:m1\ ns � 9[014[

The values of {a| which are shown in Fig[ 7"b# depending on the thickness of the compressible
layer of the soil\ are given below]

for H � 4 m\ a � 9[5 m
for H � 09 m\ a � 9[8 m
for H � 19 m\ a � 0[7 m

The value of the mode shape parameter and the soil coe.cients are shown in Table 2 for di}erent
values of plate thickness and the thickness of compressible layers of the soil[

The variation of the vertical displacements and the bending moments are shown for the plate
thickness of h � 9[5 m along di}erent axes[ The foundation plate is solved as a plate settled on the
Winkler soil by use of the elastic bedding coe.cient\ C\ found for a layer thickness of 09 m and
the results "W# are plotted on the same diagrams[

From the comparison of the results\ it can be seen that the settlement and the internal forces
distribution in the foundation plate change seriously\ by taking into account the shear parameter
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Fig[ 7[ "a# Foundation plate\ "b# _nite element idealization[
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Table 2

h � 9[5 m h � 9[7 m

H "m# g C "kN:m2# CT "kN:m# g C "kN:m2# CT "kN:m#

4 0[007 08\622[33 11\890[49 0[990 08\446[69 12\441[09
09 0[216 09\976[79 32\237[09 0[145 09\991[20 33\191[99
19 0[783 4461[79 62\103[49 0[710 4373[69 63\817[19

Fig[ 8[ Vertical displacements "along x � 4[7 m axis#[

Fig[ 09[ Bending moment My "along x � 4[7 m axis#[

Fig[ 00[ Vertical displacements "along x � 9[9 m axis#[
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Fig[ 01[ Bending moment My "along x � 9[9 m axis#[

Fig[ 02[ Vertical displacements "along x � 1[7 m axis#[

Fig[ 03[ Bending moment My "along x � 1[7 m axis#[

according to the Winkler assumption and also it is observed that the settlement and soil stress
accumulation under the loads on the boundaries and on the corners are decreased[ Besides that
the decreasing of the side span bending moments and a small increase of the bending moments
under concentrated loads are also noticed[

09[ Numerical Example 2

The interaction between plates which are close to each other\ can change the soil coe.cients as
well as the internal moments which depend on the de~ection shape of the plate[ For this reason\
as it is seen in Fig[ 04"a# the two foundation plates\ both similar to the ones considered in Example
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Fig[ 04[ "a# Foundation plates\ "b# _nite element idealization[
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Table 3

h � 9[5 m h � 9[7 m

H "m# g C "kN:m2# CT "kN:m# g C "kN:m2# CT "kN:m#

4 0[955 08\549[29 12\080[59 9[849 08\384[99 12\715[79
09 0[059 8893[99 34\213[59 0[978 8731[59 35\022[19
19 0[403 4068[49 71\114[09 0[343 4021[94 72\550[49

Fig[ 05[ Vertical displacements "along y � 1[3 m axis#[

Fig[ 06[ Bending moments Mx "along y � 1[3 m axis#[

1 are spaced 3[7 m apart[ The mode shape parameter and the soil coe.cients are obtained and
given in Table 3[ The _nite element meshes are shown in Fig[ 04"b# by using the symmetry condition
of the plate geometry[

It is seen that in Tables 2 and 3 the mode shape parameter and the elastic bedding coe.cient
increase and the shear parameter coe.cient decreases as compared to the single foundation plate[
Also the vertical displacements and the bending moments are shown for the plate thickness of
h � 9[5 m along the di}erent axes[
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Fig[ 07[ Vertical displacements "along x � 9[9 m axis#[

Fig[ 08[ Bending moments My "along x � 9[9 m axis#[

Fig[ 19[ Vertical displacements "along x � 4[7 m axis#[



M[ Cželik\ A[ Say`un:International Journal of Solids and Structures 25 "0888# 1780Ð1804 1898

Fig[ 10[ Bending moments My "along x � 4[7 m axis#[

From the comparison of the results obtained from the second and the third examples it is
observed that\ when the distance between the foundations are getting smaller than the thickness of
the compressible foundation layer\ the interaction becomes important and the vertical displacement
increases\ however\ the transverse shear force decreases around the close boundaries[ Whereas\
when the distance between the foundations gets bigger than the thickness of the compressible
foundation layer\ the interaction becomes negligible[

00[ Conclusion

In this study an iterative method is developed in order to analyze the plate on the two!parameter
foundation where the soil _nite elements are used in addition to the plate _nite elements\ so that
the displacements for the plateÐsoil system\ the bending and the twisting moments for the plate
and the shear stresses of the soil can be computed[ Also the elastic bedding coe.cients and the
shear parameter coe.cients can be obtained by using the elastic constants\ the thickness of the
compressible layer and the mode shape parameter[ Due to the character of the problem\ the mode
shape parameter depends on the dimensions of the plate load case and the mode shape of the soil
surface[ Further numerical results can be found in Cž elik "0885#\ where the extension of the
presented method to circular plates on a two!parameter elastic foundation is also developed[ The
extension of the model to include buckling and vibration of the plate on the elastic foundation is
also possible[

Appendix 0] Elastic bedding and shear parameter matrices of a fully compatible plate _nite
element

The numbering and sign convention of the nodal displacements are shown in Fig[ 11[ The elastic
bedding and shear parameter matrices can be partitioned into submatrices\ which have dimensions
of 3×3
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Fig[ 11[ 05 degrees!of!freedom plate element[
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"24#

where the matrices ðCŁij and ðCTŁij represent the nodal forces at i nodal point due to the unit
displacements at j nodal point[ From Betty|s law\ it follows]

ðCŁTii � ðCŁii\ ðCŁTij � ðCŁ ji and ðCTŁTii � ðCTŁii\ ðCTŁTij � ðCTŁ ji "25#

Also by the use of symmetry of the rectangular plate and considering that the nodal forces due to
symmetric displacements are symmetric\ it yields]

ðCŁ11 � ðTyŁ ðCŁ00 ðTyŁ ðCTŁ11 � ðTy ðCTŁ00 ðTyŁ

ðCŁ12 � ðTyŁ ðCŁ03 ðTyŁ ðCTŁ12 � ðTyŁ ðCTŁ03 ðTyŁ

ðCŁ13 � ðTyŁ ðCŁ02 ðTyŁ ðCTŁ13 � ðTyŁ ðCTŁ02 ðTyŁ

ðCŁ22 � ðTxŁ ðCŁ00 ðTxŁ ðCTŁ22 � ðTxŁ ðCTŁ00 ðTxŁ

ðCŁ23 � ðTxŁ ðCŁ01 ðTxŁ ðCTŁ23 � ðTxŁ ðCTŁ01 ðTxŁ

ðCŁ33 � ðTyŁ ðTxŁ ðCŁ00 ðTxŁ ðTyŁ ðCTŁ33 � ðTyŁ ðTxŁ ðCTŁ00 ðTxŁ ðTyŁ "26#

where ðTxŁ and ðTyŁ are diagonal transformation matrices given below]
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"27#

From the above relations\ the complete elastic bedding and the shear parameter matrices can be
obtained from the submatrices ðCŁ00\ ðCŁ01\ ðCŁ02 and ðCŁ03\ ðCTŁ00\ ðCTŁ01\ ðCTŁ02 and ðCTŁ03[ These
matrices are given as follows]

Elastic bedding submatrix of a full compatible _nite element
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Shear parameter submatrix of a full compatible element
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Appendix 1] Elastic bedding and shear parameter matrices of a plate _nite element having 01
degrees!of!freedom

The numbering and sign convention of nodal displacements are shown in Fig[ 12[ The elastic
bedding and shear parameter matrices can be partitioned into submatrices\ which have dimension
of 2×2 as "23#[

The equalities "25# and "26# of Appendix 0 remain entirely valid where the diagonal trans!
formation matrices must be changed as^

ðTxŁ � &
0 9 9

9 −0 9

9 9 0' ðTyŁ � &
0 9 9

9 0 9

9 9 −0' "28#

Thus\ the complete elastic bedding and the shear parameter matrices can be obtained from the
submatrices ðCŁ00\ ðCŁ01\ ðCŁ02 and ðCŁ03\ ðCTŁ00\ ðCTŁ01\ ðCTŁ02 and ðCTŁ03[ These matrices are given
as follows]

Fig[ 12[ 01 degrees!of!freedom plate element[
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Elastic bedding submatrix of a _nite element having 01 degrees!of!freedom
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Shear parameter submatrix of an element having 01 degrees!of!freedom
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